We report on experimental and theoretical studies of microwave-induced resistance oscillations in a twodimensional electron gas over a wide range of microwave intensities. We observe a distinct crossover from linear to sublinear power dependence of the oscillation amplitude and a concomitant narrowing of the oscillation extrema. To explain our observations we propose a theory based on the quantum kinetic equation at arbitrary microwave power. Taken together, these findings demonstrate a crucial role of multiphoton processes at elevated microwave intensities.
Microwave-induced resistance oscillations (MIRO) appearing in very high Landau levels of high-mobility twodimensional electron gas (2DEG) have been discovered more than a decade ago.
1,2 Since then, a variety of other remarkable low-field transport phenomena have been identified and actively studied. Among these are phonon-induced 3-6 and Hall field-induced [7] [8] [9] [10] [11] resistance oscillations, several classes of "combined" oscillations, [12] [13] [14] [15] [16] [17] [18] zero-resistance states, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] several distinct zero-differential resistance states, 12, 13, [30] [31] [32] and, most recently, a very sharp and strong photoresistivity peak near the second harmonic of the cyclotron resonance. [33] [34] [35] Microwave-induced conductance oscillations and zero-conductance states have also been realized for electrons on liquid helium. 36, 37 Despite a huge body of experimental [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] and theoretical [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] work on microwave photoresistance, there are still many unsolved puzzles, such as activated temperature dependence at the oscillation minima, [19] [20] [21] the role of microwave polarization, 24 and the effect of an in-plane magnetic field. 44, 45 Another outstanding issue, which is the main subject of this Rapid Communication, is the dependence on microwave intensity which to date was not investigated in detail.
MIRO can originate from either the displacement mechanism, 53, 54, 58, 59, 62 stepping from the modification of impurity scattering by microwaves, or the inelastic mechanism, 38, 61, 63, [65] [66] [67] owing to the microwave-induced non-equilibrium distribution of electrons.
In the most widely-used approximation of weak microwave intensities, both mechanisms lead to a simple expression for the photoresistivity,
where ρ D is the Drude resistivity, ǫ = ω/ω c , ω = 2πf is the microwave frequency, ω c = eB/m * is the cyclotron frequency of an electron with an effective mass m * , λ = exp(−π/ω c τ 0 ) is the Dingle factor, τ 0 is the quantum lifetime, A(P) = ηP is the reduced amplitude, η is mechanismdependent scattering parameter, and P is the dimensionless microwave power which, for active circular polarization, is given by
Here,
8 is the dielectric constant of GaAs, v F is the Fermi velocity, and E ac is the external microwave field. Equation (1) thus predicts linear power dependence of the oscillation amplitude and a power-independent phase, δ ≡ n − ǫ + = 1/4, where n is an integer and ǫ + = ǫ at the closest maximum.
Experimentally, however, all studies, 2,21,68-71 except Ref. 20 , found strongly sublinear power dependence. 72 These reports indicate that Eq. (1), while used widely to analyze and interpret the experimental data, is not valid under typical experimental conditions. At the same time, theoretical studies of the high intensity regime have only considered the limit of smooth disorder. 62, 63, 66, 73 However, it is well established both theoretically and experimentally that in a realistic highmobility 2DEG sharp disorder plays a crucial role in many of the above mentioned non-equilibrium phenomena, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] including MIRO. 51, 67 In this Rapid Communication we report on experimental and theoretical studies of microwave photoresistance in a very high-mobility 2DEG performed over a three orders of magnitude range of microwave intensities. We observe a distinct crossover from linear to sublinear power dependence of the oscillation amplitude. This crossover is accompanied by narrowing of the oscillation extrema, which is reflected as a decreasing phase. To explain our observations we propose a theory based on the quantum kinetic equation. Applicable at arbitrary microwave power, our model takes into account both the displacement and the inelastic contributions within a model of mixed disorder. Taken together, the findings demonstrate an important role of multiphoton processes at elevated microwave power and should be useful in interpreting prior experiments.
2, 21, [68] [69] [70] Our Hall bar sample was fabricated from a symmetrically doped GaAs/AlGaAs quantum well with density n e = 2.9 × 10 11 cm −2 and mobility µ = 2.4 × 10 7 cm 2 /Vs. The microwave radiation of frequency f = 33 GHz was delivered to the sample using a WR-28 waveguide. Resistance was measured at T ≃ 1.5 K using a standard low frequency lock-in technique. Microwave intensity was varied by a calibrated attenuator. Maximum power at the end of the waveguide is estimated as P 0 ≈ 1 mW.
In Fig 74 At the same time, the extrema become sharper while moving towards the closest cyclotron resonance harmonic (cf. ↓) indicating considerable reduction of the phase. These observations confirm that at high intensities microwave photoresistance can no longer be described by Eq. (1).
Using the data in Fig. 1 we extract the amplitude A and the phase δ for n = 2 and present the results in Fig. 2(a) and Fig. 2(b) , respectively, as a function of microwave power normalized to its maximum value, P/P max . Plotted in such a way, the data clearly demonstrate the existence of two distinct regimes. At low intensities, the amplitude grows roughly linearly with power and the phase is power independent. Above a certain intensity, marked by ↓, the amplitude becomes strongly sublinear and, simultaneously, the phase starts to decrease.
The crossover between the regimes of low and high intensities can also be established by examining the evolution of the oscillation waveform. Indeed, as illustrated in Fig. 2 (c)-2(e) showing photoresistivity δρ ω (ǫ) at 20 dB, 10 dB, and 0 dB, respectively, the waveform undergoes dramatic changes. At low intensity [ Fig. 2(c) ] the oscillations are well described by a damped sinusoidal, in agreement with Eq. (1). However, already at intermediate power [ Fig. 2(d) ], one clearly sees that the extrema are pushed towards integer ǫ. At maximum power [ Fig. 2(e) ], the extrema become very sharp reflecting dramatically reduced phase.
To explain the observed crossover we construct a theory based on quantum kinetics approach 16, 62, 63 for arbitrary P. Our main result is given by
where, for circular polarization,
in ) is the transport (inelastic) scattering rate, and the prime denotes the derivative with respect to ǫ.
For the model of mixed disorder 9 with sharp (smooth) disorder scattering rate τ −1 sh (τ −1 sm ) and a typical scattering angle off smooth disorder χ 1/2 ≪ 1, we find
In the limit of smooth disorder, τ −1 sh = 0, the first term in Eq. (4) reproduces the displacement contribution obtained in Ref. 62 while the second term agrees with the inelastic contribution obtained in Ref. 63 assuming P ≪ τ /τ 0 . However, the real situation in the smooth disorder limit is believed to be more complicated. Already in the regime linear in microwave power, contributions from additional quadrupole and photovoltaic mechanisms, due to the excitation of second angular and first temporal harmonics of the distribution functions, respectively, become relevant, 66, 67 and at higher power the number of important angular and temporal harmonics increases. In this work we consider an experimentally relevant situation when the disorder contains both smooth and sharp components. The latter is assumed strong enough so that its contribution to the transport relaxation rate is comparable to that of the smooth disorder, τ 
and introduce indicies i = sm, sh, in to describe smooth displacement, sharp displacement, and inelastic contributions, respectively. At low P, we find, in agreement with Eq. (1) and Refs. 62, 63, 67,
where η sm = 6χ 2 τ /τ sm , η sh = 3τ /2τ sh , and η in = 2τ in /τ . In the limit of high P, all contributions show a square-root (inverse square-root) dependence of the amplitude (phase),
Here, P
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Calculated dependences of the amplitudes, A i , and phases, δ i , on microwave intensity P are shown in Fig. 3(a) and 3(b) , respectively. Distinct crossovers in both A i and δ i dependences are evident for all three contributions. In Fig. 3(c)-3(e) we present [F (ǫ) − 1]/2πǫ, containing all contributions, as a function of ǫ for (c) P = 0.1, (d) P = 1, and (e) P = 10 demonstrating considerable reduction of the phase at higher P, much the same as in the experiment, Fig. 2(c)-2(e) . While our data is in a good qualitative agreement with the theory, the observed crossover is noticeably sharper than theoretically predicted [cf. Fig. 3(a) and Fig. 2(a) ]. Possible reasons for this discrepancy are heating, uncertain polarization, and the inhomogeneity of microwave field, which are not included in our theory.
We now illustrate the appearance of the crossover for the sharp displacement contribution given by the first terms in F , Eq. (4) and inγ(ξ), Eq. (5b). Since |ξ(ǫ)| ≤ 2 √ P, at low intensity we can use the Taylor expansion ofγ(ξ) leading to Eq. (1). At high intensity, the variable ξ(ǫ) spans an interval wide enough for the amplitude to be determined by the first maximum of the derivative dγ(ξ)/dξ. As the first term in Eq. (5b) involves Bessel functions, its variation scale is of the order of unity. For that reason the maximum occurs at
The amplitude then scales as dξ + /dǫ + ≈ 2π √ P, entering the full derivative dγ(ξ + )/dǫ + . Explicit expression for the sharp disorder contribution is obtained substituting (5b) with τ −1 sm = 0 to the first term of (4),
Since the second line of Eq. (9) contains a factor 2πǫ, it dominates at ǫ 1 and gives rise to the crossover as discussed above. Similar considerations apply to smooth displacement contribution, given by the second term of Eq. (5b).
The inelastic contribution, given by the second term of Eq. (4), represents the balance between the excitation (numerator) processes, driving the distribution function out of equilibrium, and its relaxation (denominator). At τ in τ , the crossover occurs at P ⋆ ≃ 1, very much like the sharp displacement contribution discussed above. Indeed, the excitation rate reaches its maximum at ξ = ξ + ≃ 1 and, since γ(ξ + ) ≈ 1/τ 0 , the relaxation rate remains roughly constant, ≈ τ −1 in . In the opposite case of τ in ≫ τ , it is γ(ξ) in the relaxation rate, varying in a narrow interval |ξ(ǫ)| τ /τ in ≪ 1, which controls the crossover. As a result, ξ + ≪ 1, and the theory of Ref. 63 is applicable with the result
The result (10) holds provided P sin 2 (πǫ) ≪ τ /τ 0 = χ −1 , χ ≪ 1 for the case of smooth disorder, τ sm the applicability range of Eq. (10) is reduced to P sin 2 (πǫ) ≪ 1, as follows from Eqs. (4) and (5). Deviations from the linear power dependence of the numerator and the denominator are due to multiphoton processes and are captured by these equations. The extremum of Eq. (10) is reached at P sin 2 (πǫ + ) = τ /2τ in , and in the regime of slow inelastic relaxation τ in ≫ τ the one-photon approximation suffices to describe the maximum of MIRO adjacent to the cyclotron resonance harmonics. Away from ǫ = n and at high intensities the inelastic contribution is strongly suppressed because each impurity scattering event contributes to the relaxation which saturates at 1/τ 0 , γ(ξ) ≈ 0. This occurs because of the multiphoton processes which we discuss below.
Observed crossovers reflect the transition from single-to multiphoton regime at elevated intensities. The rate of Nphoton scattering process is J is the scattering rate on angle θ. 17 Since J N (x) is strongly suppressed for N x, a typical number of participating photons is N i ≈ max{1, θ i √ P}, where θ i is the contributiondependent characteristic scattering angle. As a result, multiphoton processes become relevant at P P ⋆ i ≈ 1/θ 2 i . Since the scattering angles off smooth and sharp disorders are parametrically different, so are the above crossovers.
The square-root scaling of the amplitude,
, is naturally explained by noting that the fraction of electrons which can absorb or emit N i -photons is given by N i ω/ε F , where ε F is the Fermi energy. The inverse squareroot dependence of the phase δ i = (4N i ) −1 ∝ P −1/2 follows directly from N i ǫ + = n − 1/4. In summary, our experimental and theoretical studies of microwave photoresistance of a very high-mobility 2DEG over a wide range of microwave intensities revealed two distinct regimes. In one, low intensity regime, the oscillation amplitude grows linearly with power while the phase remains power independent. In the opposite, high intensity regime, the amplitude exhibits square-root dependence of the amplitude and the inverse square-root dependence of the phase. The details of the crossover between these two regimes depends on the ratio τ in /τ . For slow inelastic relaxation, τ in /τ 1 the crossover is described by Eq. (10) . 77 For τ in /τ 1 the crossover occurs when a typical number of emitted (absorbed) photons becomes large, and is governed by multiphoton processes. Since the corresponding crossover scale depends on the type of disorder and the transport mechanism it can be potentially useful in separating different contributions. Taken together, our findings demonstrate an important role of multiphoton processes at elevated microwave power helping to understand prior experiments 2,21,68-70 reporting sublinear power dependence of the oscillation amplitude.
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